Abstract. We show some relations among the volumes of domains in Euclidean spaces, their surface areas and the inward injectivity radii from their boundaries. In particular, we give an estimate for the upper bound of the ratios of their surface areas and volumes by means of inward injectivity radii. The upper bound seems to depend on their topological structures.
Introduction
Let M be a compact connected oriented imbedded hypersurface in Euclidean n-space E n of class C ∞ without boundary. Then, M surrounds the compact domain D(M ) in E n . Let N be the inward unit normal vector field to M , and let ϕ(p, t) = p + tN (p) for any p ∈ M and t ≥ 0. We call r(p) = sup{r | d(ϕ(p, t), M) = t for any 0 ≤ t < r} the inward injectivity radius of M at p and r(M ) = inf{r(p) | p ∈ M } the inward injectivity radius of M . Let Area(M ) and Vol(D(M)) denote the (n−1)-dimensional volume of M and the n-dimensional volume of D(M ), respectively. We say that M is a tubular hypersurface with radius a around a central set C if d(p, C) = a for any p ∈ M . The work in the present paper is motivated by the following theorem which is proved in [3] .
Theorem 1. Suppose n = 3. If M is not a sphere topologically, then we have the inequality
2 r(M ) ≥ Area(M ) Vol(D(M )) ,
and the equality sign holds if and only if M is a tubular hypersurface with radius r(M ) around the central closed curve.
It is natural to ask whether the above theorem is true in the case of n ≥ 4. The present paper attacks this problem. Let Σ be the set of all hypersurfaces M in E n as above and let f : Σ −→ R be the function given by
for any M ∈ Σ. Theorem 1 implies that f for a tubular hypersurface in E 3 assumes a relative maximum 2/3, since a small deformation of M makes no change in the topological structure of M . In the same paper we saw that f (M ) ≤ 1 for any M ∈ Σ and the equality sign holds if and only if M is a round hypersphere in E n . In this paper we investigate extremal points of f on Σ. Here the terminology "extremal points " means that either relative maxima or minima are taken at those points. The conclusion of the paper is the following.
Conclusion 2.
Suppose M ∈ Σ is an extremal point of f and is not a round hypersphere. Then,
The equality sign holds if and only if M is a tubular hypersurface with radius r(M ) around a central closed curve.
The proof of Conclusion 2 consists of the following propositions. If M ∈ Σ with f (M ) > (n− 1)/n is not an extremal point, we deform M without change of its topological structure so that f (M ) increases. Taking the limit, we have a topological hypersurface M 0 . Conclusion 2 says that M 0 is a round hypersphere if M 0 is of class C ∞ . Then we know that M is a hypersphere topologically and the higher dimensional case of Theorem 1 is true. The author has not yet succeeded in proving the differentiability of M 0 .
Proposition 3. Suppose M ∈ Σ is an extremal point of f and the inward injectivity radius function r is not constant in
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Proof of Proposition 3
Let M ∈ Σ and let g be a function of class C ∞ on M . Let M t be a hypersurface in Σ defined by the map ϕ(p, t) = p + g(p)tN (p) where p ∈ M and t is a sufficiently License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use VOLUME, SURFACE AREA AND INWARD INJECTIVITY RADIUS 3051 small positive number. Then, we get
where ·, · is the natural inner product in E n , E i (p) are the orthonormal eigenvectors of the second fundamental tensor A of M at p, det(·) is the determinant of the matrix whose (i, j)-entries are E i (p)ϕ, E j (p)ϕ , and dM is the volume form of M induced from the Riemannian metric of M ,
where κ i (p) are the eigenvalues of A at p for i = 1, · · · , n − 1. Differentiating them at t = 0, we have
where
for any p ∈ M . It follows from Lemma 6 at the end of this section that r(M t ) = r(M) for any sufficiently small positive t, if M t is constructed by means of this function g.
It follows from this that
because all principal curvatures of M at p 0 are less than 1/r(M ). It remains to prove the following lemma which was applied in the above.
Proof. It is clear that r(p) ≥ lim sup t→0 r(q t ). Let s = lim inf t→0 r(q t ) and q = p + sN (p). We have to prove that q is a cut point of M along the segment T (p, T (p, q) . Moreover, q t + r(q t )N (q t ) are not focal points to M t for all sufficiently small positive t, because M t converges in the C 2 -topology. This implies that there exist at least two minimizing segments from q to M . However, the existence of two minimizing geodesics contradicts that r(p) > s. This completes the proof.
Proof of Proposition 4
Let ϕ t : M −→ E n be a map given by ϕ t (p) = p + tN (p) for any p ∈ M and let P = ϕ r(M) (M ). It is obvious that P has no interior point as a subset in E n . We first notice that D(M ) is the r(M)-tubular neighborhood around P and M is the r(M )-tubular hypersurface around P , that is,
It remains to prove that P is a smooth submanifold without boundary. It should be remarked that the boundary of P may be non-empty if M is not of class C 2 . However, it is not the case in the present situation.
Let
By virtue of the upper semicontinuity, the set U is open in M . We prove in Lemmas 7 through 14 that U is closed, and at the same time that P is a smooth submanifold without boundary.
Lemma 7. Let p be a point in U and
Proof. In general, dϕ t (X p ) = −tA p (X p ) + X p holds for any tangent vector X p ∈ T p M and t ≥ 0. Lemma 7 is a direct consequence of this fact. If = n − 1, then U = M , and, hence, M is a round hypersphere in E n . From now on, we assume that < n − 1.
Lemma 8. ∆ is an involutive -dimensional smooth distribution on U .
Proof. Let X, Y ∈ ∆. Recall that ϕ t : U −→ ϕ t U is a diffeomorphism for 0 ≤ t < r(M). Then, we see that
for any 0 ≤ t < r(M). Therefore, we get dϕ
, and, hence, ∆ is involutive (see [5] ). This completes the proof.
Let W (p) be the maximal integral manifold of ∆ in U through p ∈ U . Let S n−1 (p 0 , a) denote the hypersphere with center p 0 and radius a.
Proof. Let c(q) = q+r(M)N(q)
for q ∈ W (p). Then, for any X q ∈ ∆(q) = T q W (p), we see that
Therefore, we get
. This completes the proof. 
, contradicting the assumption that M is the r(M )-tubular hypersurface around P . This completes the proof.
As a consequence of Lemma 10, we see that
Lemma 11. LetP = ϕ r(M ) (U ). Then,P is a smooth submanifold with dimension
Proof. Let p 0 ∈P . We can find a point p ∈ U with ϕ r(M) (p) = p 0 . It follows from Lemma 8 that there is a cubic coordinate neighborhood (V ;
is a coordinate neighborhood of p 0 inP . This completes the proof.
We have seen that W (p) is a connected component of U ∩ S (p 0 , r(M)), where
Suppose = 0. Then, W (p) = p andP has no boundary, because dimP = n − 1 and M is of class C ∞ . This implies that M is not connected, contradicting the assumption that M is connected. Therefore, ≥ 1. Proof. Suppose for contradiction that there exist a point q ∈ U and a principal curvature κ of M at q with 1/r(M ) > κ > 1/(2r(M )). Let q 1 be the antipodal point of q in S (q 2 , r(M)) where q 2 = ϕ r(M) (q). Since 2r(M ) > 1/κ > r(M ), there exists a focal point q 3 of q to M in the segment T (q 2 , q 1 ) joining q 2 to q 1 . It should be noted that q 3 is also a focal point toP along the segment T (q 2 , q 3 ). This implies that the segment T (q 1 , q 2 ) is not a shortest join from q 1 to P (see [4] ), contradicting that M is the r(M )-tubular hypersurface around P . This completes the proof.
Lemma 14. U is closed and P is a smooth submanifold without boundary.
Proof. This is clear from Lemma 13 and Lemma 11.
Proof of Proposition 5
If dimP = k = 1, then the equation f (M ) = (n − 1)/n is a simple application of a theorem of Hotelling ([1], [2] ). Here we assume that k ≥ 2. Let ν(P ) be the unit normal vector bundle of P and λ 1 (v), · · · , λ k (v) the principal curvatures of P with respect to v ∈ ν(P ). Put r = r(M ). Recall (cf. where dP and dΘ are the volume forms of P and the unit sphere S n−k−1 , respectively. Put F (t) = (1 − tλ 1 ) · · · (1 − tλ k )t n−k−1 (6) for 0 ≤ t < r. Since we assume that M is an imbedded hypersurface, it follows that λ i < 1/t for 0 < t ≤ r, and, hence, tλ i < 1. Moreover, we see that −1 < tλ i < 1 (7) for 0 ≤ t < r, since λ i (v) = −λ i (−v) for any v ∈ ν(P ). Differentiating F with respect to t, we get
By (7), we get −tλ i 1 − tλ i < 1 2 (9) for 0 < t < r. Substituting (9) into (8), we have tF (t) < (n − 2)F (t) (10) for 0 < t < r, since k/2 ≤ k − 1. Integrating (10) on the interval [0,r], we get rF (r) < (n − 1) This completes the proof of Proposition 5.
